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O I'-KOMITAKTHOCTU MHTETPAJIbHBIX ®YHKIIMOHAJIOB
C BBIPOKJAEHHBIMU NHTETPAHTAMUN

Paccmarpusaorea nHTerpaigbible (QyHKIHOHAIbI, ONPEeJeIeHHble Ha JIEPEMEHHBIX CODOIEBCKHX IIPOCTpaH-
creax. Popmyanpyercsa Teopema o BeIOOpe H3 PACCMATPHBAECMOIl 10C/I€I0BATENBHOCTH QYHKIMOHAIOB 0.1~
[0C/Ie10BATEILHOCTH, I'-cXoasmielicd K HEKOTOPOMY HHTETPAIbHOMY (DYHKIIHOHAJTY.

Bsenenune.

[-CX0AUMOCTDb — 3TO 0c06asd CXOIMMOCTL (DYHKIHOHAIOB, CONPOBOXK IAIOMIANACH BO MHO-
PUX BAYKHBIX CIy4asX CXOANMOCTBIO PEIICHHI COOTBETCTBYIOINX BAPHAIMOHHLIX 3a1a4. [lia
bYHKIHOHATIOB ¢ eIuHO{i 06,1aCThIO ONpee/IeH s TOHsATHe [ -cX01uMOCTH OBLIO BBEEHO B Pa-
Gore [1], rae Takke BuepBbie ObLIH OMUCAHbI OOIIHE CBOHCTBA TOTO BHIA CXOTHMOCTH (DYHK-
IMOHAJIOB U JaHBl €ro NMPUJIOXKEeHHs K BapHalMOHHBIM 3aja4aMm. Bompocam I'-cxommmocTtn
HHTErPAIbHBIX (DYHKINHOHAIOB ¢ €HHON 00JACTBIO ONpe/Ie/eHNs TOCBANEHb PabOTH MHO-
rHX HTAJIbsHCKUX MareMaTukos (cM. [2], [3] u 6ubaunorpaduio B [3]), a Taxxke B.B.ZKukosa
(cm., nanpumep, [4]-[7]). OcHOBHBIMHI pe3yIbTATAMH THX HCCJIEIOBAHHIL SBIAIOTCH TEOPeMbI
0 I'-KOMIAaKTHOCTH [Ulsi TOC/Ie0BaTeIbHOCTeH (DYHKIMOHAIOB BAPHAIIMOHHOTO MCYHC/ICHUS
U MHTerpaJIbHOM IIpe/ICTaBlIeHun ux [-mpeaenos.

s GYHKIMOHAIOB ¢ IepeMeHHOfi 06J1aCThIO OlpeieIeH s HOHATHE ['-CXOIUMOCTH H3Y-
4a10Ch, HanmpuMep, B paborax [8]-[11].

B nacrosimieii craTbe paccMaTpPHBAIOTCS WHTErpajbHble (DYHKIMOHAILI, ONMpeeeHHble
HA TepeMeHHbIX COOOJMEeBCKUX mpocTpancTBaX. OCOGEHHOCTBIO TpeITaraeMoil CHTyalnn sB-
JISEeTCA TO, YTO YCJIOBHSA POCTA M KOIPIUUTHBHOCTH HA HHTEIPAHTHI (DYHKIHOHAIOB COJePKAT
BECOBY10 (DVHKIIMIO W HEKOTOPYIO, BOOOIIE rOBOPsi, HEOTPAHHYEHHYIO IIOCIEI0BATETbHOCTD
J100aBOYHBIX c1araeMbiX. B pabore 1aercd Teopema o BLIOOpe M3 pacCcMaTpHBaeMOil mocie10-
BATEILHOCTH (DYHKIMOHAJIOB MOAIOCIEI0BATEIbHOCTH, [-cxonamelica K HEKOTOPOMY HHTe-
rpaabHoMy dyHKIHOHAMY. [IpU J0Ka3aTebeTBe 3TOi TeopeMbl HCIOIb30BATHCH HEKOTOPhIe
ujen pabor [7], [11] u [12], cBa3aHHbIe ¢ npeaenbHbIMHA HepexogaMu. OTMeTHM, 9TO OJHUM U3
3JIEMEHTOB JI0Ka3aTe/beTBa (Kak, Hampumep, u B [11]) aBisercs nCIoIb30BaHMe CIEIHATb-
HBIX JIOKAJIbHBIX XapaKTePHCTHK HccieyeMbiX dbyHKimonaaos. [logo6Hble XapaKTepUCTHKH
U CBSI3AHHBIE ¢ HUMH VCJIOBHUSI CXOAHMOCTH TOYEK MHHHMYMa COOTBETCTBYIOMINX HHTErpPaib-
HbIX (DYHKIHOHAIOB, ONPE/IeJEHHBIX HA IEPEMEHHBIX COO0JIEBCKHX NPOCTPAHCTBAX, H3Y4a-
JHUCh panee, HanpuMmep, B [13] u [14].

1. lcxoaHable peanoioyKeHns, pyHKIIMOHAJbHbIE IIPOCTPAHCTBA U ONpeaeie-
Hue I'-cxomumocTH.

[lycte n € N, n > 2, Q - orpannvennas obaacts B R*, p € (1,n).
[Iycrs v — meorpunaTeabHasa pyHKuua Ha §) Takas, yro v > 0 mo4yrn Bcioay Ha €2,

il 1/(p—1)
ver@ (3) Lo

Yepes LP(v,)) 0603HaYHM MHOXKECTBO BceX m3MepuMblx dyskuuit v : {2 — R raxnx,
aro v|ul|P € L'(9).
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Yepez WP(y, Q) obo3nauny MHOKecTBO Beex dyukumuii u € LP(v,§2) Takux, 4TO 114
moboro i € {1,...,n} cymecrByer 06001menHas npoussognas Dyu, Dyu € LP(v, ).
WHP(p, ) — 6anaxoBo NPOCTPAHCTBO ¢ HOPMOIi

n
B o /Vlu|pdx+2/'v|Diu|pd3:
Q i=1 7§

1/p

]

[+]

Yepez W7 (v, Q) obosnaunm 3ambiKanne MHOxKectsa pynkmuii CS°(Q2) 8 W (v, Q).

anee, nyers {5} — nocnenosarensuocts obsacreii B R", conepxxamuxca B 2. s
moboro s € N nonoxnm v, = v|g,.

[Tycrs maa moboro s € N LP (v, §)g) — MHOXKECTBO BeeX m3MepuMbix byHKIui u : {1y —
R rakux, uro vs|ulP € L'(€).

[Iyers naa moboro s € N WP(vy, Q) — muoxkectBo byukunii u € LP(v, §);) Takux,
uTo A8 moboro i € {1,...,n} cymecrsyer o6obuennast mpoussonuas Dyu, Diu € LP(vg, €y).
Jna moboro s € N umeem WHP(vg, ) — 6anHaxoBo NPOCTPAHCTBO € HOPMOIi

n
Lips — f V.‘;|'U-tp dx + Zf U3|D1'Ulp dx
s i=1 Vs

Hanee, myers 1is Jgoboro s € N ég"(ﬂs) - MHOXKecTBO BeeX dyHkumit u : 2y — R, a1
KazK 101l U3 KOTOPBIX Haimercs dyukuusd @ € C§°(Q2) rakas, 4ro ilg, = u.

s moboro s € N uepes ﬁ-;nl’p(vs,Qs) 0603Ha4NM 3aMbiKanue MHOKecTBa C°(€),) B
wWie(y,, Q,).

[ycrs qus mo6eix s E Nuu: Q =R gu = ulg,.

1/p

lul

ONPEAEJEHHUE 1. ITyemwv daa awbozo s € N I, — dynryuoran Ha ﬁ?ﬂl”’ (vs, s), I — Pymk-

(=]
yuonaa na WP (v, Q). Bydem 2060pumsv, wmo nocaedosamenvrocme {Is} I'-cxodumea x
dynryuonany I, ecau:

1) daa moboti pynryuu u € WHP (v, Q) eywecmeyem nocaedosamenvhocms Wy € ﬁol‘p(vs, £1,)
maxas, wmo
lim vslws — qsulP de =0
s—=o0 [o
u
lim I(w;) = I(u);

=00

o —
2) das awbot gynxyuu u € WP (1, Q) u moboii nocaedosamenvrocmu u, € Wy (vs, Q)
maxot, 4mo

lim Vslug — qsul|P de =0
S5—=00 Qs

uMeem
liminf I(us) > I(u).

§—+ 00

2. Teopema o I'-KOMIakKTHOCTH [1/1 MHTErPaAJIbHBIX (PYHKIHNOHAIOB.
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[yets b € L), b > 0 B , u nyers {1} — nocienosareabHocTh HYHKIMIA, yI0BIE-
TBOPAIONIAS CIEAYIOMINM YCIOBUSIM:
(i) nna moboro s € N umeem v, € LY(Q) u ¢, > 0 B Q;

(ii) a1 sir06oro oTkpeiToro Kyba () C R crnpape1iHBO HEPaBEHCTBO

lim sup/ g f bdz .
§—00 QN8 QN

[Iyerb ¢1, 0 > 0w f;: Q3 x R® — R — mocrenoBareapHOCTh (DYHKINIT TaKkasi, 4TO:
1) nnst mobwix s € Nu £ € R dynkuusa f(-, ) uamepuma Ha );

2) ana moboro s € N u nourtn Beex x € Q; dynkuua fs(x,-) Boinykiaa na R";

3) aaa moboro s € N, mourn Beex x € € u mo6oro £ € R?

av(@) P — vs(z) < fi(2,8) < ()€l + s(z) .

ONPEAEJEHUE 2. Ecau s € N, mo I; - dynxuuonan wa ﬁg P(vs, Q) makoti, wmo das
abott pyHruuu u € Wul e L)

Liv)=]] Fig Vu)dr

Qs

O6osnavum wepes F mmuooicecmeo ecex pynkuut [ : Q x R* — R, ydosaemsoparowuz
YCAOBUAM.:
1) dan arwbozo £ € R* dynruua f(-, &) usmepuma Ha §2;

2) das noumu ecex T € Q dynkyua f(z,:) ewnykraa Ha R";

3) daa noumu ecex x € Q u awbozo £ € R*

=b(z) < f(z,§) < cov(z)|E|P + b(z).

ONPEJEJEHUE 3. Ecau f € F, mo I — dpynrxyuonan na WP (v, Q) maxoti, wmo daa aoboti
dynkyuu v € WP (v, Q)

I (u) z/nf(:r,Vu) dz.

TEOPEMA. [Tycmo cywecmsyem nocaedosamenvrocmo omkpoimux smuosrcecme Q*F) ma-
KaAd, ¥mo.

a) daa mobozo k € N umeem QB c Q*+) ¢
(a)
(6) klim meas (2 \ QW) = 0;

(B) das wmobozo k € N umeem sup b(z) < +oo, u sup v(z) < +0o0.
zeQk) zeQlk)
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Tozda cyuwecmsyrom sospacmarouian nocaedosamenvrocms {s;} C N u f € F maxue,
wmo nocaedosamenvrocmo {1y} I-cxodumea v gynkyuonany I7.

Cxema J0Ka3aTe/bCTBA TEOPEMBI CJIeIVIONIA.
1. Jna npoussoabhbix t,s € N, y € Y/ u £ € R" ppoasrcs uncia

UE‘[';{‘S(‘Q)

Fo(y,&)=1t"__inf / fs(z, & + Vu) dz.
Q+(y)n9,

31ecn
ke
Q) ={z €R" : |zi —y| < o, i=1,...,n},
}:: {yERn : tyt € Z’ i = 1,---,?’1; Qt(yj CQ}&
1;.8(9‘) = {’u. = ﬁ.ﬂl ’p(Vg-, Qs) 2 V5|u'p dr S t—n—.‘}m}‘
Qf(y)ngé

Yucna F,(y, &) ABAAIOTCS ONPEeIETeHHBIME JOKAJbHBIMH XapaKTePHCTHKAMH (DYHKIHOHA-
nos 1.

2. C noMOIIBIO psizia MpeIeIbHBIX IePEX0I0B (aHATOrnIHO n3moKenHomy B [11] u [12]) mo
9THM JIOKAJIbHBIM XapaKTePHCTHKAM CTPOMTCH HEKOTOpast GYHKIHS [ U J0Ka3bIBAETCA, YTO
f € F. Ilpu a10M BhHIIEIA€TCA HEKOTOPAs BO3PACTAIONIAs MOC/Ie10BaTe 1bHOCTb {8} C N,

3. s npoussombubix dynkuuu v € C§P(Q) u nocaenosarensuoctn u, € Wyt (vg, Q)
TaKoi, 4TO

lim Vs|lus — qsulP dz = 0,
§—00 Qs

VCTaHaB/INBaeTCd HEPaBEHCTBO

liminf I, (us,) > I/ (u).
j—roo I
4. Tna npoussoabHoit bynkuun v € C§°(€)) noka3piBaeTcsi CyIecTBOBaHUe OC/Ie10Ba-
1171 =
TeJbHOCTH Wy € Wy P (vy, Q) Takoit, uto

lim ve|lws — qsul? dz = 0,
S—00 Qs

limsup I, (wy,;) < I (u).

J—roo
5. Ilepexona B pesyapraTax myHKTOB 3 u 4 o1 dyuknmii kracca C§°({) Kk TpoH3BOIb-
Q
M dyakmuam w3 WP (v, Q), yeranasaupaem [-cX0IMMOCTD TOCIEI0BATEILHOCTH {1 sj} K
dbyuxunonaty I7.

B zak/mouenne ormeTuM, 9410 I'-CXOAMMOCTD MOCIE10BATEIbHOCTH HHTErPAJIbHBIX (DYHK-
IIMOHAJIOB, OTIPe/IeIeHHbIX Ha HEKOTOPOM BecoBOM npocTpancTse CoboJieBa 1 HMEIONINAX KBa -
paTH4YHble HHTEIPAHTHI C BECOBBIM MHOXKHUTEJEM U OIPAaHUYEHHBIMHE OBICTPO OCHHLIHPYIOIIH-
MU IepHoguyecKnMu Koadduuentamu, 6bi1a nccaesopana B pabore [15].
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